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Abstract—A torsional line load applied along a transverse circle travels in the axial direction along the
interior of a cylindrical bore in an infinite elastic medium. The line load moves with a constant velocity V
which is either greater or less than the velocity of the equivoluminal waves which are found to propagate in
the medium. The resulting superseismic and subseismic responses are derived as steady-state solutions
which do not change in a coordinate system which, attached to the applied torsional loads, moves with
velocity V. Displacement and stress components are obtained for points throughout the medium. In the
superseismic case, a sharp S-wave front exists and the behavior at this front is investigated. Numerical
results are presented for the displacements and stresses throughout the medium for both superseismic and
subseismic cases.

I.INTRODUCTION

The problem of elastic bodies subjected to moving loads has received considerable attention in
recent years. A comprehensive summary of such problems is given in [1]. Among the first
investigations were the solutions given by Sneddon{2] and by Cole and Huth[3] who considered
the two-dimensional problem of a progressing normal line load travelling with constant velocity
on the surface of a half-space. The problem of a line load travelling with velocity V in the axial
direction along the interior of a circular bore contained in an elastic medium was later
considered{4). In general both P- and S-waves were excited by the application of such loads.
Because of the complexity of the geometry, only the superseismic case (that where V is greater
than the propagation velocity of either P- or S-waves) was investigated, and the displacement
and stress quantities were evaluated only on the cavity surface.

In the present paper, the problem considered is that of a torsional line load travelling with
velocity V along the interior of a cylindrical bore in an elastic medium. In this case, only shear
waves, travelling with velocity ¢, are propagated in the medium.

Disregarding initial conditions at far distances, a steady state solution is obtained in a
travelling coordinate system which is attached to the applied torsional load.

Solutions are derived both for the superseismic (V/c, > 1) and subseismic (V/c, < 1) cases.
Expressions for the displacements and stresses are obtained throughout the medium, and the
behavior and jumps at the wave front, in the superseismic case, is investigated. For this case,
the peak displacements which occur at the wave fronts are shown to be expressible by means

of a simple algebraic relation. Numerical results are presented for typical superseismic and
subseismic cases.

2. GENERAL FORMATION

Consider a cylindrical bore of radius r = a in a linear elastic isotropic medium referred to a
fixed coordinate system (7, 6, Z = af) whose origin lies on the axis of the bore (Fig. 1). A
torsional line load, applied along the circle at Z = — V! progresses along the interior of the bore
with velocity V such that the stresses on the boundary are given by

o =P8(Z+ V1)
M

0.=0, o,=0

where § is the Dirac-delta function.
The displacement

(%, 6, 2, t) = wk, + vk, + uk, 2
653
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Fig. 1. Geometry of the problem.

must satisfy the equation of motion for the elastic medium
uV2i+ (A +p)VV - i = ppli 3)

where 1 and A are the Lamé constants and pp is the mass density.

To determine the steady-state solution, we introduce a non-dimensional coordinate system
(p = rla, 8, £ = z/la) which is attached to the circle of load application and travels with velocity
V along the longitudinal axis. Accordingly, the two coordinate systems are related by the
Galilean transformation

p=Fa, 0=8 ¢=za=Liz-vp. @

1~

The equation of motion, eqn (3) referred to the moving coordinate system becomes

V2

uV¥i+(A+u)VV i = o1 oE )
where now
a(r, 8, &)= wir, 8, Ok, + v(r, 8, ks + u(r, 6, Ok, 6)
and
1
v=lmh e ) ?

The corresponding boundary conditions, at p = 1 from eqn (1), are

O = % 6(§€), op=0,=0. 8)
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For this axisymmetric case, solutions satisfying eqn (5) and the boundary conditions are
v=uv(p, £), u=w=0. 9

Equation (5) then reduces to the scalar equation

2 a2
IV u(p, )= g3 5 (10)
where
¢ =Vulpp) §3))

is the propagation velocity of shear waves in the medium. Written explicitly, eqn (10) becomes

Fo lav 1 3% _
~5;7+pap ;5!) m—(;?—(} (12)
where
m*= M?-1, (13a)
with
M= Ve, (13b)

being the Mach number with respect to the S-wave velocity.
The stresses, obtained from the stress-strain relations

=AYV - @l +u[Vi+ iV, (14)
become
k(o v
I = (6p p) (@)
k¥
a.OZ' a ag (b) (15)
0':7:0'00=‘7n=¢722=0 {©)

The last two boundary conditions of eqn (8) are identically satisfied while the remaining
boundary condition can be expressed as

v »p P
—== =— ) 16
% plpes “8(9 (16)

Equation (12) must thus be solved subject to the boundary condition of eqn (16). It is
recognized that the character of the solution of eqn (12) depends on the sign of m: for V/c, > 1,
{m?>0) the solution corresponds to the superseismic case while for V/¢, <1, (m*<0) the
subseismic solution is obtained. Each of these cases must be treated separately.

3. SOLUTION:SUPERSEISMIC CASE, V/¢,>1

For m?> 0 which corresponds to the superseismic case, it is clear that eqn (12) is hyperbolic
and that a sharp jump exists at the wave front (Fig. 2). The wave front for the steady-state
conditions can be established simply from geometric considerations.

Letting (p;, &) denote the coordinates at all points along the wave front, and noting that

sina=c/V=1/M (17a)
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Fig. 2. Superseismic case.

and
tan a = (p; - 1)/§,
the equation for the wave front is given by

& =m(p - 1).

(17b)

(18)

Thus, the wave front appears as a conically shaped front inclined at an angle a = sin™'(1/M) to
the longitudinal axis. Ahead of this wave front there exists a quiescent state. Since, in particular,

this is true for £ <0, the Laplace transform

fior=ar@n= [ ferera

with inversion
f(g) _ ] IY'H': f( ) lfd
=3 pie s)eds

is appropriate.

Applying the transform to eqn (12) we obtain the governing equation for i(p, 5):

I e
Wﬂ?ﬂp (m*s*+1/pH5 =0.

The non-vanishing transformed stresses throughout the medium are then

Grlp, 5) = %(g_z _ §>

Gulp. 5)=E 5(p, 5)

and consequently the transformed boundary condition becomes

w0 P

ap ply-r n
Solutions of eqn (20) which decay as p — x are

o(p, 5)= A(s)K (msp)

(19a)

(19b)

(20)

(21a)

(21b)

(22)

(23)
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where A(s) is an arbitrary constant and K, is the modified Bessel function of the second kind
of order n.
Substitution of eqn (23) in eqn (22) yields

P i

s Koms) @4

A(s) =~

and hence

- __‘_f_K.(msE)
olp, 5)= msu Ky(ms) )

The resulting transformed stresses, by eqn (21), are then

. _ P KoAmsp)
onlo, s)=7 Koims) (26a)

. _____P_ K,(mse)
ds:(p, )= ma Kaims)" (26b)

The displacement and stress components are now obtained by inversion using the Bromwich
integral, eqn (19b):

y-l-g-z

.__...... _.__L(_'l’fﬁ)_ 5§
(p  §) 2mi Jyix mus(ms) ds (272)

2( E) 3
Zm y-ix Ky(ms) e*ds 27)

K.(mse) ,f
Zm yix mK;(ms) ds 27¢)

00',9 7“2

5 € =5=

00'9 yH=

- (&) =—5=

The above integrals may be evaluated by contour integration upon extending into the
complex plane (Fig. 3). Because of the multi-valued nature of the K, functions, a branch cut
emanating from a branch point at the origin is taken along the negative real axis. The resulting
contours are as shown in (Fig. 3) where the circular arcs BC and FA have radius R — =,

ImS
B8
R
s,*a¢ib
[ 9
’' S
c —— A —— -
F 3 ,5 » ReS
Co
c g
syt 0-ib
t4
7 A

Fig. 3. Integration contour.
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By the residue theorem, the above integrals may be expressed, in general, as
I,=2mi 2 Res,+Ig + I + I,
i
where, written symbolically

B -
I,= f f(p, s)e*ds represents the desired Bromwich integral,
A

2_ ' Res[f(p, 5); 5;] represents the sum of residues at points s = 5
]
E ¢

Ig,= j + f represents the branch integrals
F D

Io,= f\ represents the contribution from the branch point
Co
and
F B . . .
I, = f + f represents the contribution along the large circular arcs
A C

as R,

In the above (v) denotes the displacement and (rf) and (62) denote the stress component
quantities o, and oy, respectively.

The residues, in all cases, are due to simple poles which are located at the points defined by
the roots s = 5; of Ky(ms) =0, and which are given by[5]

ms, > = — 12813738 +0.4294850i. (28)

The residues of the expressions appearing in eqns (27) are obtained by considering the
integrands as simple quotients. From the known property of the Bessel function{6)

Ki)=-2 K- K@ 29

and the recursion formulae of the Bessel functions, the residue for the displacement v at s;
becomes

Res, [fis = 5j]= ‘—}——‘B—K'(ms' ) )C”‘. (30

m siKl(ms,-

Noting that the poles s; lie at comy.lex conjugate points and recalling that(7]

K, (3) = K, (5), (31
the sum of the residues is given by
Z Fo_ = _2Re Kl(ms,e)e"‘}
i-zl Res(v) [f‘s = sf] TnT{ oﬁKl(msl) y PE 1 (323)

where Re denotes the real part of a complex function.
Similarly, the residues for the stresses o and o, become

= _ o1 _2 o [Kimsip)eh*
’f_:lRes(.,,U,s =g5]= p- Re{ K (msy) }, p>1 (32b)t

11t is noted, from eqn (27b) that a simple pole exists at s = s; for p > 1. However, when p = 1, the singularity at s = ; is
removable and hence no residue can exist.
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3 Fomslm 2 Kﬂw_)e_‘}
;Res(,:,[f,s—s,-]— ?Re{ Kims) )’ p=1. (32c)

The branch integrals are determined by letting s = — ¢ ({ > 0, real). Using the relation[6]
K. (ne*™) = (= 1)K, (n) £ im L(n), (33)

where I,(7) is the modified Bessel function of the first kind of order n, after some algebraic
manipulation, and upon noting the complex conjugate nature of the functions along the upper
and fower branches, the following expression for the displacements and stress components are
established:

=_2__7”: zG|(M£,E) -{¢ .
o, mJ; tD(my) © % G4
= . sz(’”{-E) -

Iz ) 217'1]0 D(mJ) e¢*dl (34b)
=_2_1i zGI(m{’e) -0
IB(m mj; D(mg) € d{ (34c)
where
G.(m{,p) = I(mpl) Ko(m{) - (— K. (mp{)[(m{), n=12 (35a)
and
D({) = KA(md) + 7 LX(my). (35b)

The contributions I, and /. along c, at the origin and afong the large circular arcs are found
using the small circle lemma and large circle lemma respectively(8]. The: contribution I, is
found to vanish in all cases. To evaluate I, the functions are first represented by their
asymptotic expansion.

From the asymptotic expansion of the Bessel function[6],

-2 n bn
K,(z)z\/(zl';)e {1+“7+?+...} (36a)
where
a, = 4n28— l’ b, = (4n? - 1)(4n*-9) (36b)

128 ’

and hence along the large circular arcs the ratios appearing in the integrands of eqn (27) are
either of the form

L m ’ij_z((":':,ﬁse)le" = 'Lim {p—llze[6~m(n—l)l:} n=12 (37a)
or
. K . _ypy i mo-Dis
Kim ke = i) &

Since the contours lie in the quadrants for which Re{s} <0, it follows that the integrals along
the arcs can be convergent only if

E-m(p-1)>0, (38)
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i.e. the Laplace transform solution is valid only in this domain, which comparing with eqn (18),
is seen to lie behind the wave front.
From eqn (27b,c) and eqn (37a), the large circle contributions for the stress quantities are

I~ p-llzf elé-me=Dis 4 39

where ¢ can now be considered as a single circular contour extending from A to B. Since the
integrand appearing in eqn (39) is analytic everywhere in the complex plane, the contour may be
deformed, according to the Cauchy theorem, and hence

L~p" f " temoti g, (40)
y-ix
Noting that[9]
y+ix
[ exds = 2mine) @1
y-iz

and using the property of the Laplace transform

LIf(z - 20)] = €”F(s), @)

it follows that
jc ’2"—2((’:'%‘)—) e~*tds =2mip™"28[¢ - m(p-1)], n=1.2. (43)

Consequently
Iy = 2mip™'"8[£ - m(p-1)] (44a)
Iq.,.=:-2—’,’n';”——156[§-m(p- nl. (44b)

We thus note that the large circle contributions describe the behavior at the wave front,
which for the case of the stress components are expressed as Dirac-delta functions.

The large circle contributions to the displacement v can be treated similarly, yielding a
particularly interesting result. From eqn (27a) and (37b),

=12 [ olé=mip—Dis

L =80 | S——ds 45)

which, by the large circle lemma vanishes for ¢ > m(p - 1). However, at the wave front

=12 ds -

—=-p

e wilm (46a)

It(v) =

and consequently

_[~imp™"PIm, p=p,
S (46b)

The quantity
L”(’gl;@ Y This @7

2m
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is thus seen to represent precisely half the jump in displacement which occurs at the wave
front. Hence, since the displacements are zero ahead of the front, we obtain a simple
expression for the displacement immediately behind the front; viz.

w(ord) . _pr (48)

A similar description of the behavior at wave fronts has been observed in previous
investigations [10].
From the above analysis, it is possible to verify the Rankine-Huginiot relation existing at the
front[11],
(psV, + T,]1=0, (49)
where [ ] denotes the Jump, v is the particle velocity, V, is the wave propagation velocity

normal to the front and T, is the traction existing at the front. Noting that here V, = c,, by eqns (4)
and (13b),

_dvdz_ v v
bega- V@ T T eMg (50)

and from eqn (11), eqn (49) becomes

[ “;"32+a,,] 0 (51)

where o, is the circumferential shear stress component at the wave front. Hence, in transform
space,

[—&aMs6+&,.,]=0. (52)

From a simple analysis of a wedge-shaped element of the medium in the region of the wave
front,

Ong =~ )\]'l (mo.e — 04,). (53a)

However, using eqn (27b,c) and eqn (37a), the following relation must be satisfied at the
wave front:

o(p1,€) = — mog,(p) (53b)
from which
Ons = Moy, (53¢)

Substituting in eqn (52), we obtain finally the condition
[—%sﬁ—&,z]=o. (54)

From the relation of eqn (21b), we conclude that the Rankine-Huginiot relation is satisfied.

4. SOLUTION:SUBSEISMIC CASE. Vi¢, <.

For the subseismic case, which corresponds to eqn (12) with m? <0, the response for £ <0
is not quiescent and no sharp front can exist. Consequently, the use of the Laplace transform is



662 R. Parnes

precluded and for this case, the Fourier transform

A _ _ _]_ * ;
fr=Fien=—o= [ seeae

with inversion

fth=

\/(27") . f(w)e"""dw

is used.
Application of the transform to egqn (12) yields

#6134 22 2
o~ --——(qw+l/p)v"

where

@F=-m=1-M>0.

The non-zero transformed stresses throughout the medium, from eqn (15), are then

and consequently, the transformed boundary condition, from egn (16), becomes

[\ P
dp plper pVQWY

(55a)

(55b)

(56)

57

(58a)

(58b)

(59)

Noting that o is defined in the range —~ < @ < and recalling from eqn (33) that (with x > 0)

Lim Im{K,(~ x)} = +7rleI (x)— =

solutions of eqn (56) which decay as p-»® are then

(p,w) = A(w) Re{K\(qup)}.

(60)

(61

For w >0, substitution in the boundary condition, egn (59) vields, as in the superseismic
case, the constant A(w). Proceeding, as in the superseismic case, the desired transformed

quantities become:

. - —P Kiqup)
50:9) = ) qan Kolqe)

Kyqup)
Grelpw) = \/(2«)& Ky(quw)
IP Kl(qu)

Felbe) = i) ga Kegw)
For w <0, following a similar procedure, the transform quantities are

(o) = ~— P Kiglolp)
i(pw) VQ27) qup Kx(q|w))

(62a)

(62b)

(62c)

(63a)
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P Kyqlwlp)

ém(P'w)=\/(2.,,)a Ki(glw)) (e
iP  Kiglwlp) (63c)

Go:(pw) = - VQ2m) qa Kiq|w))

Comparing eqns (62) and (63), we observe that the displacement & and the stress 6, are
even functions of o while &4, is an odd function of w. Consequently, the final inversion for
these quantities for all £ and 1 <p are given by

B =L [ Kiqup)
p pd=-— q s Kolga) °°° wé dw (64a)

aa,,,( £)=— 1 f —I%((i‘;"-e-cos wé do (64b)

- (p f)— 3 Jo —E'%a—)&smwfdw (64c)

aa,.

At this stage, the desired quantities are expressed in terms of real indefinite integrals while
in the superseismic case the integrals, eqns (27), were over complex quantities. Moreover, while
in the previous case, contour integration yielded the specific behavior at the wave front, for the
sub-seismic case at hand no such information can be expected. Furthermore, since a numerical
integration of the branch integrals is required in any case if contour integration is performed,
any advantage to extending the integration to the complex plane is vitiated. Noting thus that no
particular benefit is to be gained here by contour integration, the above integrals appearing in
eqns (64) are evaluated numerically. Results presented below have been evaluated in this
manner.

S. THELIMITINGCASE V=¢, M=1
The solution for the case where the load travels with the velocity V = ¢, is a limiting case
and may be obtained simply. Since, again, the medium is clearly quiescent for £<0, the
Laplace transform is applicable and the basic equations of the superseismic case remain valid.
Equations (20)~(22) remain unchanged, and setting m?> = M?>—1=0, eqn (20) becomes

320, 1a0 o
+———-—=0. 65
o pap P ©3)

o 52 AW
i(p, s) = " (66)

Substituting in the boundary condition, eqn (22), A(s) is evaluated as before and it follows that

P
i(p,s)=- S (67)
Then, from egn (21a),
- P
Gr(p,s) = P (68)

The inversions are found, by inspection, to be

()= 5. 8 (©9)
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and

Tal(p.d) = ;’pi, 5(6) (70)

From eqn (15b)

Oe:(pb)==——=—5— an

Thus we note that for this limiting case, the displacements and stresses in the medium are
everywhere zero except along the line £ =0, (Fig. 4). Along this line the displacements and
stresses o4 behave as a Dirac-delta function while o, behaves as a doublet; all quantities
decay rapidly as p — =,

It is of interest to observe from this solution that if a step (torsional) load travels with
velocity V = ¢, along the bore, the displacements and stresses throughout the medium are

v(p,£)=—§-£-; H) (72a)
a~<p.§)=£,u(a (T2b)
aoz(p.§)=—ﬁ 56) (72¢)

where H() is the unit step function.
The displacements v and stresses o4, as expected, are identical with the static behavior of a
medium subjected to a uniform torsion load applied along the entire bore.

6. NUMERICAL RESULTS AND CONCLUSIONS

Numerical results for the displacements and stresses throughout the medium are presented
for typical superseismic and subseismic cases in Figs. 5-8 and Figs. 9-11 respectively.

Results for the superseismic case with M =2 were calculated from the expressions of
Section 3. In Fig. §, the circumferential displacements are presented as a function of the radial
coordinate p for a family of curves £ representing the longitudinal distance behind the line of
applied loading. It is observed, in all cases, that the largest displacement occurs in the vicinity
behind the wave front and decreases for points approaching the cavity boundary, p = 1. For
distances far behind the point of applied loading, the displacements also decay. The peak
displacements, which occur at the wave front, are found to be equal to the jump at the wave
front (see eqn 48),

(8] = - L v/ (7t

|
|
i |
{ asSin'(t)sw/2

|

Fig. 4. Limiting case, M = V/c, = 1.

1The jump [o] as given here represents [v] = v(p}) — v(p7) = v(p7) since v(p}) =0 ahead of the front.
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Fig. 5. Typical superseismic case (M = 2): displacements behind wave front.

The locus of these peaks is shown in Fig. 5 by the broken curve, Thus, eqn (73) provides a
simple algebraic expression for calculating the peak curve for any given Mach number M.t

The stress components o, are presented in Fig. 6 as a function of the radial coordinate for
various values of & The peak stresses again occur immediately behind the wave front and
decay to zero at p =1 for all £> 0. It is of interest to observe that the largest stresses occur at
the wave front in the vicinity of £ = 3. Furthermore, for relatively small values of ¢ 0<£<,
the o, stresses vary almost linearly with p. However, for relatively large £ 8> £ the stresses
are infinitesimally small for distances far behind the wave front while remaining significantly
large in the vicinity of the wave front.

A similar behavior is seen to occur for the stress components o, as presented in Fig. 7. It is
noted that these stresses do not vanish at p= 1.

The effect of the variation of the Mach number M is shown in Fig. 8 where the displacement
at the cavity boundary p =1 is presented for three values, M = 1.1, 2 and 4, as a function of &
In all cases, the displacements tend to zero as ¢ becomes large. As M approaches unity (i.e.
M = 1.1) the predominant displacements at the boundary are seen to occur in the vicinity of the
applied load. In fact as M — 1, the displacement is represented by the Dirac-delta function as

Qo /P M2

A

-0z 273

AL s/
2%54P'% 4 |

i T S A T . R R ) P)

A O O O

Fig. 6. Typical superseismic case {M = 2): stress components o,y

tThe dlsplacements of all points, 1 <p=<p, were calculated using eqns (30) and (34a) according to the numerical
scheme described in Appendix A. The peak dnsplacemems at p = py, thus calculated, were found to be identical (1o six
significant figures) to the value given by eqn (73). This, in effect provided an excellent verification on the accuracy of the
numerical scheme.
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Fig. 7. Typical superseismic case (M = 2): stress components o

was shown in the limiting case (eqn 69). It is noted also, from Fig. 8 that as M increases, the
displacements decrease monotonically.

Typical results for the subseismic case are given for a value M =0.5 and are shown in Figs.
(9-11) as a function of the radial coordinate, 1< p.

For the subseismic case, no sharp wave front exists and the character of the response is
seen to be entirely different from that of the superseismic case. The behavior is observed to
vary smoothly and to decay rapidly with both p and ¢ coordinates.

Results presented were obtained by evaluation of eqns (64) of Section 4 following the
numerical scheme given in Appendix B.

In Fig. 9, the displacements are presented for several values of £ At £=0, the maximum
displacement occurs at the cavity boundary and decays rapidly and monotonically with the
radial coordinate. However, while the displacement is observed to decay rapidly with ¢ for
increasing values of ¢ relative peaks are seen to occur at increasing larger radial distances from
the cavity axis.

The behavior of the stresses o, and o,, are given in Figs. 10 and 11. The stresses are
observed to have a behavior similar to the displacement. In general it is possible to conclude
that, in contrast to the superseismic case, in the subseismic case the medium is excited

rv/e
-20

-8}

. Py
-O.llru.u
-0 L\ -
::i\\«”'i
’ El\}l&l e

Fig. 8. Superseismic case: effect of Mach number on displacements at p= 1.
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Fig. 9. Typical subseismic case (M = 0.5): displacements.
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Fig. 10. Typical subseismic case (M = 0.5): stress components o,¢.
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Fig. t1. Typical subseismic case (M = 0.5} stress components 0.,

predominantly in the vicinity of the local points of application of the applied load and exhibits a
behavior which decays with the radial coordinate both ahead and behind the position of the
load.
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APPENDIX A

Evaluation of branch integrals. Superseismic case
The branch integrals appearing in eqns (34} contain integrands of the form

Gymip)
¢D(my ~

which, because of their complexity, must be integrated numerically over the range 0 < [ < x. However, recognizing that the
above quantities represent ratios of the K, and 1, Bessel functions, it is possible to separate the infinite range into two
regions, 0< { < {o, and {o< { <=, stch that in the second region the integrals can be integrated asymptoticaily. To this
end, let the various integrals appearing in eqn (34) be written as

b, i(mip)= n=12; k=0, (A1)

S =SU+ 53 (A.22)
where
5= L ¢ O,lmip)d¢ (A2b)
5% = f‘ i &, (mip)d{ {A.2)
0

and where £ is a prescribed finite value of £ The finite integrals S¢} are then integrated by an appropriate numerical
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scheme (e.g. Simpson's Method). If £, is chosen sufficiently large, then the K, and I, Bessel functions can be represented
by the series

K,.(z)~\/(%> e [l+afz+b i+, ) (A.3a)

I~ [l-adfz+ bt 4. ) (A3b)

£
V(2m:)
where a, and b, are given by eqn (36b).

Retaining the first three terms in each series, and substituting from eqns (35). the asymptotic representation of &, for
m{ > |, after algebraic manipulation, is given by

. a=2m{
OualmLp) = s ™K {14k fmf + kymg ]
+e M- 4k aim{ + kool (mE )} (A4

where
ku(p) = 3(15-1/p)i8. ki3 = 2145/128 - 135/64p - 15/128p?
kis(p)y=3(5+ l/p)/8, kio=345/128+ 45/64p — 15/128p?
kalp)=285(1 - 1/p}i32,  kya=2145/128-675/64p + 105/128° (A.5)
knlp) = 16501 = 1/p)/32,  kqg=345/128 + 225/64p + 105/128°.

Upon substituting eqn (A.4) in eqn (A.2c), the integrals, evaluated term by term, can be expressed in terms of the
integral exponential function{7}

xa=n
Eyx)= f ern. (A6)
The final results for the branch integrals 1'3),, (£, < { < =) are given as follows:

2mi

I=-22 5
2 2
- m\;(p>{m;‘*"**'*‘f° B')’2§omle““"+['-M+%%]E.w.;o)
m—&)[k'”k"(“'ﬂ’)/z“"']e_h‘”[' Lok ] -(leo)} (A7a)

I18e=27i SH
=\—/Z{_P){[lu+ﬁ]e oo [kzl‘ﬁ;ﬂl]E.(ﬂnlo)

9, k
[B’ ket ] Ao ":T[kzz - L':'Ez]ﬁ(ﬂz{o)} (A.7b)

m*f

1G0= 22 =53

='m\2/i(p){[é+,:+§o]°"'“+;:; kn-k—',’,,é-‘]El(ﬂ.;o)
+ [ﬁl2+ﬁk’z] iy L [ - kuﬂz]E(B {,,)} AT

where, in the above

B|=§-m(p—l)+2m

Br=E+m(p-1)+2m. (A.8)

APPENDIX B
Evaluation of the Fourier transform inversions: Subseismic case
From eqns (64), it is observed that the integrals must be integrated over the infinite domain 0 < w < x. Proceeding as
with the branch integrals of the superseismic case, a prescribed value of wy is chosen such that the range of integration is
divided into a finite range (0 < w < wy) and an infinite range (wy < @ < x). In the latter region the integrands are expressed
by means of their asymptotic representation. Thus, let the integrals of eqn (64) be written as

S =S+ 59 (B.1a)
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where
N cos wé
Sl f df.x({;wp){smwf}d {B.1b)
f w“(qu){“s:f} w. (B.Ic)
In the above
dnalqup) = al998) g9 k=1, (B2)
. 9] wKz(qw)Q i3 + «

Using the asymptotic expansion for the K, Bessel functions for jqu|® 1, eqn (A3a), upon retaining the first few
terms, the asymptotic representation of 4, are found to be

erip=the
Yat, a2 }
hatamp) =S [+ Tk Ty (83)

where
us
yu==-35-1pl8, yu= & -45[64,9 15/128p?

Yo == 1501~ Up)8, yn= %‘-—2;— 225/64p + 105/128p7. (B.4)

The integrals SV} are integrated over the finite range 0 < w < wy using a convenient numerical integration scheme.
The integrals Si may be either evaluated analytically term by term or in the case of the displacement an upper bound
on the value of S} may be established, Performing the integrations, the final results are given as follows

ﬁ‘l’%‘f—’ =SU+SE (n=1,k=1) where (B.53)
D « — s
1$%) < m\/{p) n [(p 1)q cos wef — & sin wofl], (B.Sb)
280 - 53 +SP (n=2.k=0) where (Ba)
-~ e—(n-l e
§%= Vo) A {(p 1)q cos wef — £ sin ané){1 + Ra). (B.6b)
93—’%—’@ =80+ 8% (n=1, k=0) where (B.7a)
3¢ g P .
S& —av) A {(p— 1)q sin wof + £ cos wef (1 + Ry), {B.75)
where, in the above
A= {(p- !)2q2+ §2 (B.8)
and the remainders are
R <151(1 = 1/p)i8que (B. %a)
Ry, <(13-3/p)/Bqwe. (B.9b)

It is noticed, from eqns (B.9) that it is always possible to obtain an estimate of the upper bound on the remainder (which
arises from retention of only the first terms of the asymptotic expansions). An appropriate choice of w will thus give a
prescribed accuracy to the solution.



